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(7.4). Let A = D + L + U be split into diagonal, lower, and upper parts. Let
T; = —D~1(L + U) denote the Jacobi iteration matrix, and Tgs = —(L + D)-'U
the Gauss-Seidel iteration matrix. Assume that D and L + D are non-singular.

1. Show that ) is an eigenvalue of T’ if and only if det(AD + L + U) = 0.
2. Show J\ is an eigenvalue of Tgs if and only if det(A(D + L) + U) = 0.

Use this to determine the spectral radius p(Ts) for the Gauss-Seidel matrix associated

to the matnx
2 =1 0

A=[-1 2 -1
0 -1 2

Hint: Use the definition of eigenvalue as root of the characteristic polynomial, together
with the fact that the determinant is multiplicative, det(AB) = det(A) det(B) for

two matrices A and B.



Solution (7.4) First of all, note that since D and L + D are non-singular, we have

det(D) #0, det(L + D) + 0.

For the eigenvalues of the Jacobi matrix I, =

—D~'(L + D) we get, using the
multiplicativity of the determinant,

det(Al — T;) = 0 < det(D) det(\1 — T;)=0
& det(D(\1 —Ty)) =0
< det(AD + D 'D(L +U)) =0
& det(AD+ L+ U) =0.

For the Gauss-Seidel matrix Tgs = —(L + D)~ U we get

det(Al — Ts) = 0 < det(L + D) det(A1 — Tgs) = 0
& det((L + D)(A\1 — Tgs)) =0
< det(A(L + D)+ (L + D)"Y (L + D)U) =0
& det(AM(L+ D)+ U) =0.

- L] L

The matrix A is separated as

L+D=|-1

2\ -1 O
-A 2\ -1
0 - 2\

Expanding along the first row gives
det(A(D + L) + U) = 2A(4)\* — ) + (—2)2%) = 4A2(20 — 1) = 0.

The non-zero eigenvalue is thus A = 1/2 and p(Tgs) = 1/2.




(8.1) For the matrices T' corresponding to the Jacobi and Gauss-Seidel iteration in
for solving the system

2x1 — T2 + 3 =1
2xq1 + 29 + 223 =4
—T, — T + 2x3 = — 9,

determine the spectral radius p(T'). Which of the iterations converge?
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